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Abstract 

We present CP-odd Higgs-basis invariants, which can be used to 
signal CP violation in a multi-Higgs system, written in an arbitrary 
Higgs basis. It is shown through specific examples how these CP- 
odd invariants can also be useful to determine the character of CP 
breaking (i.e. whether it is hard or soft CP breaking) in a given Higgs 
Lagrangian. We analyse in detail the cases of two and three Higgs 
doublets. 



1 gustavo.branco@cern.ch and gbranco@cftp.ist.utl.pt 
2 margarida.rebelo@cern.ch and rebelo@ist.utl.pt 
3 Joaquim.Silva-Marcos@cern.ch 

4 On leave of absence from Departamento de Fisica and Centro de Fisica Teorica de 
Parti'culas (CFTP), Instituto Superior Tecnico, Av. Rovisco Pais, P-1049-001 Lisboa, 
Portugal. 



1 Introduction 



One of the most fundamental open questions in particle physics is discovering 
what the mechanism responsible for gauge-symmetry breaking is. In the 
Standard Model (SM), the breaking of the SU{2) x £7(1) x SU(3) C symmetry 
is achieved by the Higgs mechanism, realized through the introduction of 
one Higgs doublet. However, there is no fundamental reason for having only 
one Higgs doublet, and multi-Higgs systems are required by a large class 
of models, including supersymmetric models as well as models where CP is 
spontaneously broken |T] In the SM with only one Higgs doublet, the 
Higgs sector does not contain new sources of CP violation, but this is no 
longer true in models with more than one Higgs doublet. This has prompted 
several recent analyses on the impact of multi-Higgs in the physics at future 
colliders 0. 

In this paper, we study CP violation in multi-Higgs extensions of the 
SM, addressing in particular the question of finding the conditions for a 
given Higgs potential to violate CP at the Lagrangian level. This question is 
not trivial, since in a model with more than one Higgs doublet, one has the 
freedom to make Higgs-basis transformations that do not change the physical 
content of the model, but do change both the quadratic and the quartic 
couplings. Couplings that are complex in one Higgs basis may become real 
in another basis. A similar difficulty arises when one investigates whether, 
in a given model, there is soft or hard CP breaking. Indeed a given model 
may have complex quartic couplings in one Higgs basis, while they may all 
become real in another basis, with only the quadratic couplings now complex, 
thus indicating that in that particular model CP is only softly broken. 

The above intrinsic ambiguities motivate the study of conditions for CP 
invariance expressed in terms of CP-odd Higgs-basis invariants. We analyse 
in detail the cases of two and three Higgs doublets and briefly describe the 
case of an arbitrary number of Higgs doublets. 

2 The Higgs Lagrangian 

Let us consider the Standard ££7(2) x U(l) x SU(3) C Model with n d Higgs 
doublets. For the moment we consider only the Higgs sector. The most 
general renormalizable polynomial consistent with the gauge invariance is 
given by: 




(1) 



(2) 
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Furthermore, by construction it is obvious that: 

Zabcd — Z c dab ■ (3) 

It is important to note that one can make a Higgs-basis transformation (HBT) 
defined by: 

4>a ^ K = V ai & , 01 55 (0')t = V- (001 , (4) 

where V is an n d x unitary matrix acting in the space of Higgs doublets. 
Under a HBT, the physics content of does not change, but the couplings 
Y and Z transform as: 



1 ab 1 ab oim 1 ran v n {. 



„ HBT ^ - ■)■ j- 



(5) 



J abcd ^abcd ~ V am v cp ^mnpq v nb V qd . 

We now address the following question: What are the necessary and suffi- 
cient conditions for to be CP-invariant? Note that an entirely analogous 
question has been asked in the framework of the SM , for the Yukawa sector, 
where it has been shown 0] that a necessary condition for CP invariance at 
the Lagrangian level in the SM is given by: 

Tr [ g u gl g d g\ f = 0, (6) 

where g u , g<i denote the Yukawa couplings involving ur and respectively; 
after gauge symmetry breaking, these lead to the quark masses for the up 
and down quarks. The condition of Eq. © is a necessary condition for CP 
invariance for an arbitrary number of generations and, for three generations, 
is also a sufficient condition for CP invariance. 

In order to answer the above question for a multi-Higgs sector, we follow 
the general method proposed in @], applied to specific models in jS] and 
described in detail in [6J. The simplest approach consists in considering 
the most general CP transformation of the Higgs fields, which leaves the 
Higgs kinetic energy term invariant, and investigate what restrictions are 
implied for the couplings Y and Z, by CP invariance. The most general CP 
transformation that leaves the kinetic energy invariant is: 

ct>a^U m ct>t ■ fi^l^tf (7) 

where U is an n d x unitary matrix operating in Higgs doublets space. It 
can be readily seen, using Eqs. (0) and (|7J), that the necessary and sufficient 
condition for £^ to conserve CP is that the following relations be satisfied: 

0^ )ab = ^am Ymn U n b 

(8) 

)abcd = ^am ^cp ^mnpq U n b U q d- 
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In other words, for a given written as in Eq. the necessary and suffi- 
cient condition for to be CP-invariant is the existence of an dimensional 
unitary matrix U, satisfying Eqs. (jHJ). Obviously, the above criterion is HBT- 
invariant. In order to show that this is indeed the case, let us assume that a 
solution U exists for Cp, written in a certain basis. Then a solution U' will 
also exist in another basis related to the initial one through Eq. (J3J). From 
Eqs. (JH), © and (JHJ) it follows that, in the primed basis, the solution is given 
by: 

U' — V U V T . (9) 

Although Eqs. (jHJ) provide necessary and sufficient conditions for CP invari- 
ance in the Higgs sector, valid for an arbitrary number of Higgs doublets, 
they are not very practical, since they require the search for a solution for 
the unitary matrix U. It is thus useful to consider quantities which, on 
the one hand are HBT-invariant and, on the other hand, are constrained to 
vanish by CP invariance. In the case of the Higgs sector, an analysis [Zj 
has been done in terms of HBT invariants which involve vacuum expecta- 
tion values (vev's) of Higgs fields. These HBT invariants are very useful at 
low energies in the analysis of various CP-violating phenomena, but they do 
not answer directly the question we address in this paper, to wit, what the 
HBT-invariant conditions for CP invariance of C^, prior to gauge symmetry 
breaking are. The relevance of this question has been emphasized in jH]. 
Furthermore, at high energies, SU(2) x {7(1) x S77(3) c is not broken, and 
therefore HBT invariants involving vev's are no longer relevant. The CP-odd 
HBT invariants, which we consider in this paper, are expressed directly in 
terms of the couplings Y and Z of the Lagrangian and thus continue to be 
relevant at high energies. Note that CP-odd HBT invariants that do not 
vanish at high energies are specially useful in the analysis of baryogenesis, 
including baryogenesis through leptogenesis. 

3 Construction of CP-odd Higgs-basis 
transformation invariants 

In the construction of HBT invariants, it is useful to adopt a more compact 
notation, which renders more transparent the invariance of various quantities 
under HBT. We define: 

Y a = Y ab 

(10) 

^ac = ^abcd , 
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where the upper indices are those that transform with under a HBT, as 
specified in Eqs. (JSJ. 

Next we consider separately the cases of two and three Higgs doublets. 

3.1 Two Higgs doublets 
3.1.1 The general case 

For later convenience, and in order to settle the notation, we write explicitly 
the most general Higgs potential for two Higgs doublets as: 

V H2 = mi 4i<Pi + p 4<P2 + P e~ iip 4<t>i + ™a 4<p2+ 

+ai (^i) 2 + a 2 (4</> 2 ) 2 + 6 (<rf</>i) (02> 2 ) + V (tlfa) (4<Pi) + 

+ci (V^i) (4h) + ci e-^ (<j>\4>^ (<rf0 2 ) + 

+c 2 e w * (4>\<j) 2 ) (^^x) + c 2 (c^lh) (4<h) + 

+de iS U{(j)X + d e~ iS (4 2 <Pi) Z '■ 

(11) 

We have written the most general Higgs potential for two Higgs doublets, 
displaying the phase dependence explicitly. It is clear that this potential 
contains an excess of parameters. This is entirely analogous to the situation 
encountered in the fermion sector where, for example, the identification of 
the correct number of independent parameters contained in Yukawa couplings 
requires that one go to the weak basis, where one of the Yukawa coupling 
matrices is diagonal and real, while the other one is Hermitian, with only 
one rephasing-invariant phase. Similarly in the Higgs sector a basis can be 
choosen, without loss of generality, where the quadratic terms are diagonal 
and furthermore, of the three remaining phases 6\, 9%, 5, one can still elim- 
inate one by rephasing one of the Higgs fields. This means that in a two 
Higgs doublets system there are only two independent CP-violating phases. 

We want to find the necessary and sufficient conditions for CP invariance 
in terms of CP-odd HBT invariants. From the above counting, we expect 
to find two such conditions. As previously mentioned, in Ref. [Zj CP-odd 
invariants were constructed involving v a = (0 \(f) a \ 0). The simplest invariants 
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of this type are: 

h = Y a b Zf c Wt 

(12) 

h = wl Y£ wt yf z$ , 

where W\ = Wab = v a v%. CP invariance requires Im(/j) to vanish. One 
could be tempted to consider HBT invariants analogous to 1\ and I 2 , simply 
replacing W- by Y? . However, it can be readily verified that these new 
HBT invariants are automatically real. In fact, with this replacement both 
Ii become traces of products of two Hermitian matrices and such traces are 
always real, independently of the number of Higgs doublets. 
A set of necessary and sufficient conditions for CP invariance: Next 
we show that in the case of two Higgs doublets, necessary and sufficient 
conditions for = Vh 2 to be CP-invariant are: 

h = Tr[Y Z Y Z-Z Z Y Y}=0 

h = Tr[F Z 2 Z - Z Z 2 Y] = , 
where we have defined the following rid x Hermitian matrices 5 .: 



bra 17b — 71716 

(14) 



yb — ybm yb — y 

a am a am 



I ry \b — r7bm\rn ( 7 V 3 — 7pm ynb 



The conditions of Eqs. Ijl3|) chosen set of equations, which can be 

derived from Eq. (jHJ), by using the property of invariance of the trace under 
similarity transformations. Therefore, they are necessary conditions for CP 
invariance for an arbitrary number of Higgs doublets. In order to prove that 
they are also sufficient in the case of two Higgs doublets, let us consider the 
explicit form of the potential = Vh 2 , written above for the case of two 
Higgs doublets, where all phases allowed by hermiticity are written explicitly. 
Since the conditions of Eq. (|THj) are written in terms of HBT invariants, they 
can be computed in any appropriately chosen HB. In the HB basis, where 
the quadratic terms are diagonal, these conditions can be written as: 

Ix = |cic 2 (mi - m 2 ) 2 sm(6 2 - 9 X ) = 

I 2 = | (mj - ma) [ dcj sm{5 + 26 x ) + dc\ sin(5 + 26 2 )+ (15) 
+2dcic 2 sm(5 + 9 X + 9 2 ) + c\c 2 {a 2 - a\) sin(6 l i — 9 2 ) ] = . 



^For this particular case, rid = 2 
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Note that, for simplicity, we have omitted the primes in the coefficients, which 
obviously assume new values after the HBT that diagonalizes the quadratic 
terms. As mentioned above, by making a phase redefinition of the fa, one 
of the three phases 9\, 62, 5 can be eliminated. We choose 6 = 0. From the 
first of Eqs. (fT5J) we obtain: 

62 = 61 or 2 = 6 X +7T , (16) 

where we have assumed non-degeneracy of m^. Taking for definiteness 6 2 = 
9 1 , the condition I 2 = 0, implies: 

I 2 = ^(mi-m 2 ) rf(ci + c 2 ) 2 sin(2^) = 0, (17) 

leading to two solutions: 

6 1= 6 2 = or 6 1= 6 2 = vr/2 . (18) 

The case 61 = 6 2 = obviously corresponds to CP-invariant, with fa, 
<p2 transforming trivially under CP, i.e. the matrix U in Eq. (J7|) is a 2 x 2 
identity matrix. It can be easily checked that the solution 9\ = 62 = 7r/2 
also corresponds to a CP-invariant £^ with the matrix U given by: 

"-(i-i)- ™ 

Therefore this solution corresponds to two Higgs doublets with opposite CP 
parities. In our proof, we have assumed that there is no degeneracy of m;. 
It is clear from Eqs. (fT5j) that in the degenerate limit mi = m 2 , both Ii, 
I2 vanish and yet there is the possibility of CP violation. One can easily 
construct a HBT invariant that does not trivially vanish in the degenerate 
limit; an example is: 

I 3 = Ti[Z 2 Z 3 Z-ZZ 3 Z 2 ] , (20) 
where Z 3 is also an x Hermitian matrix given by: 

(Zs) h a = Z^ZZ n Zf s . (21) 
The explicit form of ^3 in terms of parameters of the Lagrangian is given by: 

h = A siii^! - 62) + B sin(2(0! -0 2 ))+C sin(5 + 6 1 + 6 2 ) + 

(22) 

+ C H sin ( 25 + + W j) + D l3 sin(5 + 36i - Bj) , 
0=1,2 

where the A, B, C's and D's are polynomials of degree 6 in a's, 6's, c's and 
d, the parameters of the quartic terms of the two Higgs potential in Eq. pijl . 
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3.1.2 Soft CP breaking with two Higgs doublets 



Let us now consider the soft CP-breaking case, in which CP is explicitly 
broken and there is a Higgs basis where all quartic couplings of the potential 
are real and the coefficient Y\ 2 = Y\ = p e lip complex. This case may be 
interesting in the context of models with explicit CP violation and suppressed 
Higgs flavour-neutral currents jHj- Next, we show that the CP-odd HBT 
invariants that we have considered are also useful to find out whether, in 
a given model, there is hard or soft CP breaking. It is clear that if a CP- 
odd invariant, built exclusively from quartic couplings, does not vanish, then 
one has hard CP breaking. On the other hand, one may have complex Z 
couplings in a given HB and yet CP be only softly broken. In this case 
HBT invariants such as 1% would vanish and only HBT invariants including 
combinations of K's and Z's could signal CP violation. We illustrate such 
a situation through a simple example. Let us consider the following Higgs 
potential: 



mi 4>{4>i + m 2 0202 + 



+ a 
+ c 
+ d 



40i 



402 



+ b 



40i 



402 



+ 



(23) 



e id (010! 0l02 + e ie 2 02 020i +h.c. 



+ 



AS 



+ h.c. 



An explicit evaluation of Ii 



1,2,3) gives: 



h = Tr[F Z Y Z 
I 2 = Tr[F Z 2 Z^ 
h ee Tr[Z 2 Z z Z 



-ZZ Y Y\ 
Z^Z 2 Y\ -- 

- z z 3 z 2 } 



= 
2c 2 d 
= . 



m x - m 2 ) sin((5 + 26) (24) 



The fact that ^3 = 0, while I 2 7^ 0, provides a hint that CP is only softly 
broken. It can be verified that this is indeed the case, because the quartic 
couplings, by themselves, conserve CP, provided one chooses in Eq. (jJJ) the 
following U matrix: 

' 1 



U 



1 



(25) 



One may say that L q 
breaking. 



74 of Eq. corresponds to "hidden" soft CP 
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3.2 Three Higgs doublets 
3.2.1 The general case 

Three Higgs doublets were considered in an attempt to introduce CP viola- 
tion in an extension of the SM with natural flavour conservation (NFC) [10J 
in the Higgs sector. If one introduces NFC in a two Higgs doublet system, 
through an exact symmetry of the Lagrangian under which each Higgs dou- 
blet transforms differently, there is no longer the possibility of CP violation 
in the Higgs sector. Is is clear from Eq. (jll)) that such a symmetry, in the case 
of two Higgs doublets, would forbid all terms in q as well as the quadratic 
non-diagonal term, so that the phase of the term in d could then be rephased 
away. On the other hand, it was shown that with three Higgs doublets it is 
possible to violate CP in the Higgs sector either at the Lagrangian level ^1] 
or spontaneously [2j, while having NFC. The general three Higgs doublets 
system, without extra symmetries, is rather complicated, due to the large 
number of parameters involved. It can be readily verified that for rid Higgs 
doublets the total number of CP-violating phases contained in the Higgs 
potential is: 



The second term in Eq. ()26|) results from the fact that one can eliminate 
{rid — 1) phases by rephasing the Higgs fields. From Eq. (pj)) it follows that 
the number of independent CP-violating phases grows fast with increasing 
rid. One has 0, 2, 16 independent phases for rid = 1, 2, 3 respectively. In view 
of this, we only point out some of the novel generic features which arise in the 
case of three Higgs doublets and then consider specific models. It is clear that 
the CP-odd invariants Ii, I2 defined in Eqs. (fT3*j) provide necessary conditions 
for CP invariance for an arbitrary number of generations. However, there 
are simpler CP-odd invariants, which are irrelevant for the case of two Higgs 
doublets (since they trivially vanish in that case) but are useful in the case 
of three Higgs doublets. A simple CP-odd invariant of this class is: 



An equivalent invariant can be obtained by replacing Z by Z as defined in 
Eq. (|14|). The vanishing of I s is a non-trivial necessary condition for CP 
invariance in the case of three or more Higgs doublets. It is analogous to the 
condition obtained in the quark sector, given in Eq. (JBJ). In the HB where Y 
is diagonal, one obtains: 



Is = 6* {Y 22 - Y n ) (F33 - Y n ) (F33 - Y 22 ) lm{Z 12 Z 23 Z 31 ) . (28) 




(26) 




(27) 
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3.2.2 Weinberg three Higgs doublets model 



In the three Higgs doublets model proposed by Weinberg [IT], a Z 2 x Z 2 x 
Z 2 symmetry, under separate reflections of the Higgs doublets of the form 
<f>i ~ ( t ) i) together with an appropriately chosen transformation for the 
quark fields, ensures NFC and leads to a strong reduction in the number of 
parameters. The Higgs potential is given by: 



V = E rm fib + a lt ($&) 2 + £26 y [f,4>) (frf,) 



+ 



-)-2cj 1 ' 



13 \ Vt v.? 



+ 



d« e^' (<f>]<f>j) + h.c. 



(29) 



There are three different cL 



terms, and only these can be complex. In 



this case, the matrices Y, Z and Z are diagonal, hence the invariant written 
for the general case in Eq. (|27jl is automatically zero. Yet, as it was pointed 
out by Weinberg, there can be CP violation, since in general one cannot rotate 
away simultaneously the three phases 0y through phase redefinitions of the 
three Higgs doublets. This implies that, in this CP-odd invariant will 

have to include terms of the form ^1212^2323^3131 so as to be sensitive to the 
CP-violating phase that cannot be rotated away. As a result, the simplest 
HBT invariant relevant to this model must contain Z^Z^Z^. However, 
such a simple invariant is real. The simplest way out is to insert the two 
diagonal matrices Y and Z between Z's. Thus, a relevant CP-odd invariant 
is given by: 



rW 



lm[Z% K m Z r ± Zt Z 



mq 



ka] 
ts J 



(30) 



Its explicit form is: 



I2 = di2di 3 d 2 3 [( m 3 - m 2 )(on - b 23 ) - ( m 3 - mi)(a 22 - 613) + 
+( m 2 - mi)(a 33 - b 12 )} sm(9 12 - 6 13 + 9 23 ) . 



(31) 



Assuming non-degenerate values for the mi, a non- vanishing 1% indicates a 
non- vanishing (9 12 — 9i 3 + 6*23). 



3.2.3 Three Higgs doublets with NFC and soft CP breaking 

Let us assume that the Z 2 x Z 2 x Z 2 symmetry, which implements NFC in 
the Higgs potential, is softly broken by quadratic terms in the potential. In 
this case, one can also have soft CP breaking. In other words, CP can be 
violated even if all quartic terms are real. Obviously, in this case the matrix 
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Y is no longer diagonal, in this basis, and the invariant I s defined in Eq. (12 7|) 
does not automatically vanish, being given by: 

h = 6(a 22 - a 33 + C12 - Ci 3 )(a 33 - a n + c 23 - c 12 ){a 22 - a n + c 23 - c 13 )- 

■ ?/i2?/i3?/23 sin[v9i 2 - lf 13 + If 23} , 

(32) 

where we have written the off-diagonal terms of the Hermitian matrix Y as 
Yij = yij e lLPil . On the other hand, in this model with soft CP breaking, 
the CP-odd invariant I 2 vanishes. The reason for the vanishing of I 2 in 
this case is the following: this invariant is also the imaginary part of the 
trace of a multiplication of the Y matrix and a matrix made of combinations 
of Z's. In the Weinberg model this combination of Z's is diagonal and, in 
addition, it is real in the soft CP-breaking case. The matrix Y is Hermitian, 
hence the trace of the product of these two matrices is real. This illustrates 
the usefulness of CP-odd HBT invariants in determining the character of CP 
breaking (hard or soft) when the Higgs potential is written in an arbitrary 
basis, where that character may not be transparent. 

4 Summary and conclusions 

We have shown how CP-odd HBT invariants can play an important role in 
the study of CP properties of Higgs systems. In order to derive these invari- 
ants we first consider the most general CP transformation, which leaves the 
Higgs kinetic-energy term invariant and then derive the restrictions implied 
by CP invariance on the quadratic and quartic scalar couplings. The method 
used in this paper to analyse CP invariance of the Higgs potential does not 
require finding the actual CP transformation under which the scalar poten- 
tial is invariant. This renders this method particularly useful, since such a 
transformation may not be trivial and may become quite complicated as the 
number of Higgs doublets increases. The HBT invariants offer the advan- 
tage that they can be directly evaluated in any Higgs basis. We have also 
illustrated how the HBT invariants can be used to find out whether there 
is soft or hard CP breaking in a given Higgs potential. We have studied 
in detail only the case of two and three Higgs doublets, but our approach 
can be readily extended to an arbitrary number of these. One last com- 
ment is in order: throughout the paper, we have only discussed the Higgs 
sector. It is clear that one can readily extend the analysis to the remainder 
of the Lagrangian, in particular the fermion sector. More specifically, one 
can construct quantities involving both Yukawa and Higgs couplings which 
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are invariant under basis transformations comprising both HBT and fermion 
basis transformations. 
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